We denote by SO 2,2 = SO(W F ) the connected component of O(W F ) containning unit element, GSO 2,2 = GSO(W F ) the connected component of GO(W F ) containning unit element,PGSO 2,2 = PGSO(W F ) ∼ = PGL 2 × PGL 2 the projective group of GSO(W F ).
We denote by U(V D ) the isometry group of the quaternionic Hermitian space V D , GU(V D ) the similitude group of the quaternionic Hermitian space V D , PGU(V D ) ∼ = SO 1,4 the projective group of GU(V D ). We denote by U(W D ) the isometry group of the quaternionic skew-Hermitian space W D , GU(W D ) the similitude group of the quaternionic skew-Hermitian space W D , PGU(W D ) ∼ = PGL 2 × PD × the projective group of GU(W D ).
• For similitude group G, λ G (·) denotes similitude character of G, and we will just use λ(·) for simplicity. R 0 = (GSp 4 × GO 2,2 ) • := {(g, h) ∈ GSp 4 × GO 2,2 : λ(g)λ(h) = 1}. R = GSp 4 × GO 2,2 .
• For group G, we denote by G the unitary dual of G.
Bernstein.
2.3. Weil Representation and Theta Correspondence.
Smooth Theta
Correspondence v.s. L 2 − Theta Correspondence. Now suppose G × H is a Howe dual pair, and H has a smaller rank. Assume ω is the unitary weil representation of G × H. Then we have a direct integral decomposition of ω as G × H−module:
where ν is some measure on H and Θ(·) is L 2 −theta correspondence.
It is natural to ask what the relationship between smooth big theta correspondence Θ ∞ (σ ∞ ) and the smooth part of L 2 −theta correspondence Θ(σ) ∞ . By the machinery developed by Bernstein, we know for ν−almost all σ, there is a nonzero sujective equivariant map
Such a map necessarily factors through:
so that one has a surjection Θ ∞ (σ ∞ ) −։ Θ(σ) ∞ . Thus, we see that Θ(σ) ∞ is finite length and unitarizable, so that Θ(σ) ∞ is semisimple. By the Howe duality conjecture, for ν−almost all σ, we have Θ(σ) ∞ = θ ∞ (σ ∞ ). 
Plancherel Decomposition
for some measure ν on PGSO 2,2 and where Θ(σ 1 ⊠ σ 2 ) is a (possibly zero, possibly reducible) unitary representation of PGSp 4 .
Proposition 3.1. The unitary PGSp 4 × PGSO 2,2 −representationΩ admits a Plancherel decomposition:
where µ PGSO 2,2 denotes Plancherel measure for PGSO 2,2 (depending on a choice of Haar measure on PGSO 2,2 ).
Proof. Assume Φ 1 and Φ 2 inΩ ∞ . Then
We can similarly define Ω,Ω for GU(V D ) × GU(W D ). AndΩ admits a Plancherel decomposition as 
Observe that the adjoint action on of M on N induces an action of M on N ∧ , then the stablizer of ψ is then ω ψ can be realized on L 2 (Hom
We can naturally extend this action to
Consider the action of (
Consider the stablizer of T 0 , We sometimes denote it as (GL 2 × GL 2 ) det .
We should note that
Let ω + ψ = L 2 (Hom F (W 1 , V F )) + be the 1-eigenspace of Z Sp 4 . As a (P × GSp 4 ) • −module,
As a P × GSp 4 − module,
where B denotes the standard Borel subgroup of GL 2 , andB ,P andM ψa denote corresponding projective group.
Letσ be the irreducible unitary representation of PGSO 2,2 . Assume σ = σ 1 ⊠ σ 2 , then as aP = B × PGL 2 −representation,
Combining the Plancherel decomposition ofΩ, we have
Thus, as aM ψ × SO 2,3 −representation,
Let M 1 be the corresponding Levi subgroup in the isometry group of W D , then
Then the map Y → χ Y (·) defines a group isomorphism between {Y ∈ Hom D (W 1 , W 2 ) : Y * =Ȳ } and character group N ∧ . Let us pick Y 0 = 2, then χ Y 0 (·) = ψ(·).
Observe that the adjoint action on of M on N induces an action of M on N ∧ , then the stablizer of ψ is
then ω ψ can be realized on
Thus we can obtain
: N(g 11 ) + N(g 12 ) = λ(g), g 11 + g 12 = λ(g)A}.
Note {g = g 11 g 12 g 12 g 11 : N(g 11 ) + N(g 12 ) = 1, g 11 + g 12 = 1}
is given by
As a P × GU(V D )− module,
Letσ be the irreducible unitary representation of PGU
Thus, as aM ψ × SO 1,4 −representation,
The last equality holds because T E \PGL 2 , and matrix coefficient of T E is majorized by spherical ones.
If E is a quadratic extension of F , T E is compact and we can take T E -invariant,
So in the SO(1, 4) case, we also have
As
where the map is given by
Let χ : E × −→ C × which is trivial on F × , and σ a representation of PGSp(V F ). Then on the one hand, we have
On the other hand,
Comparing above two equations, we obtain 
As an M ψ × GU(V D )−module,
Let χ : E × −→ C × which is trivial on F × , and σ a representation of PGU(V D ). Then on the one hand, we have
Hom
Comparing above two equations, we obtain
4.3.
When Θ = θ. Assume π is a tempered representation of GU(V D ). We want to know when Θ(π) is irreducible or 0. We use the notation of Weeteck and Tantono's GSp 4 paper. Then we need to check when π = st(ρ 0 , χ 0 ) and unique subrepresentation J P (ρ, χ) of I P (ρ, χ). We quota some results of Weeteck and Tantono's paper.
When ρ = | · | 1/2 , then
and a non-trival map
When ρ = | · | −3/2 , then Let π = st(ρ 0 , χ 0 ) ֒→ I P (ρ 0 | · | 1/2 , χ 0 | · | −1/2 ), where ρ 0 nontrivial quadratic character or dimρ 0 > 1 and ω ρ = 1, then from equation (4.1) we have
If Θ(π) = θ(π), then Θ(π) = I Q (ρ ∨ 0 | · | −1/2 , χ 0 | · | 1/2 ). Thus, from equation (4.4), we have a nonzero map
Therefore, π = π ′ . Contradiction. So Θ(π) = θ(π) in this case.
If ρ = ρ 0 | · | ±1/2 , where ρ 0 is quadratic character or dimρ > 1 and ω ρ = 1, then from equation (4.1), we have I Q (ρ ∨ , χω ρ ) ։ Θ(J P (ρ, χ)). and I Q (ρ ∨ , χω ρ ) is irreducible. Thus Θ(J P (ρ, χ)) is irreducible.
Relative Character Identities
5.1. Relative Character. Let H ⊂ G, σ ∈ G, and ψ be a unitary character of H. For any l ∈ Hom H (σ, ψ), and f ∈ C ∞ c (G), one can define the relative character B σ,l,l associated to σ and l as a linear form
This linear form factors as:
−→ C so that we may regard it as a linear functional on C ∞ c (X, ψ). With X = H\G, suppose one has a direct integral decomposition:
with associated families of maps {α σ(ω) } and {β σ(ω) }. Let l σ(ω) = ev 1 β σ(ω) ∈ Hom H (σ(ω), ψ). Likewise, set q :
, one has Image(q) = C ∞ c (SU(2)\PGSp 4 ). Hence we have the diagram: Proof. From the formula defining the Weil representation, we see that for f = p(Φ), and 1×A ∈ PGSO 4 = PGL 2 × PGL 2 ,
. And by Lemma 7.3 and Lemma 3.1 in ***, we see g 2 (t(a)k) := f (t(a)k, 1) ∈ C(N, ψ\PGL 2 ). Therefore, we have f ∈ C(N,
By the previous lemma, one can see
. In particular, for any π 1 ⊠ π 2 ∈ PGSO 4,temp , the associated relative character B π 1 ⊠π 2 ,l π 1 ⊠π 2 extends to a linear form on S(((N, ψ) × T E )\PGSO 4 ).
Lemma 5.5. Let π 1 ⊠ π 2 be the tempered representation of PGSO 4 , then ev 1 •ι π 1 ⊠π 2 ,a = ev 1 •β π 1 ⊠π 2 ,a .
When a = 1, we get ι π 1 ⊠π 2 = rest PGL 2 ×PGL 2 ,N ×PGL 2 • β π 1 ⊠π 2 .
Corollary 5.6. Assume σ = θ(π 1 ⊠ π 2 ), then
Proof. From the equation ***, one has < α σ,π 1 ⊠π 2 • η(φ 1 ), α σ,π 1 ⊠π 2 • η(φ 2 ) > σ =l π 2 ⊗ l π 2 (< α π 2 ⊠σ,π 1 ⊠π 2 (φ 1 ), α π 2 ⊠σ,π 1 ⊠π 2 (φ 2 ) > σ ) = < l π 2 • α π 2 ⊠σ,π 1 ⊠π 2 (φ 1 ), l π 2 • α π 2 ⊠σ,π 1 ⊠π 2 (φ 2 ) > σ . (5.1) Thus we have α σ,π 1 ⊠π 2 • η and l π 2 • α π 2 ⊠σ,π 1 ⊠π 2 have the same kernal. So up tp mathbbS 1 , α σ,π 1 ⊠π 2 • η = l π 2 • α π 2 ⊠σ,π 1 ⊠π 2 .
Combine above two diagrams, one has
We can interchange the role of π 1 and π 2 , then there are linearly independent elements in Hom U(2) (σ, C) which are determined by l π 1 ⊠π 2 ∈ Hom N ×T E (π 1 ⊠ π 2 , ψ ⊠ 1) and l π 2 ⊠π 1 ∈ Hom N ×T E (π 2 ⊠ π 1 , ψ ⊠ 1). We denote them by l σ,π 1 ⊠π 2 and l σ,π 2 ⊠π 1 .
are in correspondence, and θ(π 1 ⊠ π 2 ) = σ. Then one has the character identity
B σ,l σ,π 1 ⊠π 2 (φ) = B π 1 ⊠π 2 ,l π 1 ⊠π 2 (f ).
Proof. Choose Φ ∈ Ω ψ such that f = p(Φ) and φ = q(Φ). On one hand, by the pointwise direct integral decomposition for L 2 ((N, ψ)\PGSO 4 ), one has
On the other hand, by the pointwise direct integral decomposition for L 2 (SU(2)\PGSp 4 ), one has
Compairing the two expressions, we deduce that PGSO4,temp
. Now we will use the Bernstein center argument to remove the integral sign of the above identity.
Given an arbitrary element z in the Bernstein center of PGSp 4 × PGSO 4 , the element z acts on the irreducible representation (π 1 ⊠ π 2 ) ⊠ σ by a scale z((π 1 ⊠ π 2 ) ⊠ σ). Thus we have a commutative diagram:
Since α π 1 ⊠π 2 p is PGL
2 −invariant and PGSO 4 −equivariant, α π 1 ⊠π 2 p factors through (π 1 ⊠ π 2 ) ⊠ σ. We take λ 0 ∈ Hom PGL (2) 2 (σ, π 2 ) such that α π 1 ⊠π 2 p = λ 0 θ π 1 ⊠π 2 .
We can get the following two commutative diagrams:
and (5.10)
Now we shall apply the identity (5.4) to the pair of test functions arising from z.Φ. Note that B π 1 ⊠π 2 ,l π 1 ⊠π 2 (p(z.Φ)) = ev 1 β π 1 ⊠π 2 α π 1 ⊠π 2 (p(z.Φ)) =z((π 1 ⊠ π 2 ) ⊠ σ)B π 1 ⊠π 2 ,l π 1 ⊠π 2 (p(Φ)) and B σ,π 1 ⊠π 2 ,l σ,π 1 ⊠π 2 (q(z.Φ)) = ev 1 β σ,π 1 ⊠π 2 α σ,π 1 ⊠π 2 (q(z.Φ)) =z((π 1 ⊠ π 2 ) ⊠ σ)B σ,π 1 ⊠π 2 ,l σ,π 1 ⊠π 2 (q(Φ)) Hence the identity (5.4), when apply to z.Φ, reads:
(5.11) PGSO 4,temp z((π 1 ⊠ π 2 ) ⊠ σ)( B π 1 ⊠π 2 ,l π 1 ⊠π 2 (f ) − B σ,π 1 ⊠π 2 ,l σ,π 1 ⊠π 2 (φ)) = 0.
In the nonarchimedean case, take z in the tempered Bernstein center of PGSO 4 , then z can been seen as an element in the tempered Bernstein center of PGSO 4 × PGSp 4 , and z((π 1 ⊠ π 2 ) ⊠ σ) = z(π 1 ⊠ π 2 ). When regarded as a C−valued functions on PGSO 4,temp , the element z of the tempered Bernstein center of PGSO 4 , are dense in the space of Schwartz function on PGSO 4,temp , hence for dµ PGSO 4 − almost all π 1 ⊠ π 2 , one has B π 1 ⊠π 2 ,l π 1 ⊠π 2 (f ) = B σ,π 1 ⊠π 2 ,l σ,π 1 ⊠π 2 (φ).
In the archimedean case, we recommend to readers the article Plancherel formula for GL n (F )\GL n (E)(section 5.7.3) by Beuzart-Plessis. We should note that
is surjective and B σ,π 1 ⊠π 2 ,l σ,π 1 ⊠π 2 (φ) factors through α σ,π 1 ⊠π 2 , since B σ,π 1 ⊠π 2 ,l σ,π 1 ⊠π 2 (φ) = l π 1 ⊠π 2 λ 0 θ π 1 ⊠π 2 (Φ) = λ ′ l π 1 θ π 1 ⊠π 2 (Φ) = λ ′ α σ,π 1 ⊠π 2 q(Φ).
Factorization of Global Periods
6.1. Automorphic Forms. Let k be a number field with ring of adeles A. For a reductive group G defined over k, we shall write [G] for the quotient G(k)\G(A) and equip it with its Tamagawa measure dg. Let A(G) denote the space of smooth automorphic forms on G and let A 0 (G) denote the subspace of cusp forms. For example, we use A(GSO 4 ) denoting the space of smooth automorphic forms, and A(PGSO 4 ) denoting the subspace of A(GSO 4 ) with trivial Z GSO 4 −action. There is a canonical projection map A(G) −→ A 0 (G). Moreover, on A 0 (G), we have the petersson inner product < −, − > G (defined using the Tamagawa measure dg). For example,
In fact, this defines a pairing between A(G) and A 0 (G).
In particular, for an irreducible cuspidal representation Σ ⊂ A(G), we have a projection
and we denote the restriction of the Petersson inner product on Σ by < −, − > Σ .
Global Periods.
Let H ⊂ G be a subgroup, and χ a unitary Hecke character of H. Then we may consider the global (H, χ)−period: P H,χ : A 0 (G) −→ C given by
For a cuspidal representation Σ ⊂ A 0 (G), we use P H,χ,Σ denoting the restriction of P H,χ to Σ. 
Hence, we may define a composite map
On the other hand, we have G(A)−equivariant map
There is a natural pairing between C ∞ c (X A , χ) and C ∞ (X A , χ) defined by
where dx is the invariant measure on H(A, χ\G(A)).
The maps α Aut Σ and β Aut Σ are connected in the following lemma:
Proof. We have
6.4. Global Relative Characters B Aut Σ,P H,χ,Σ . We shall now introduce the global analog of local relative characters B Σv,l Σv introduced in the local setting.
When pull back to give a distribition on G(A), one has
for f ∈ C ∞ c (G(A)).
Global Theta Lifting and Maps
We specialise now to the setting of the dual pair PGSO 4 × PGSp 4 and recall the global theta correspondence.
Let ψ : k\A −→ S 1 be a nontrivial additive character and let ω ψ be the associated Weil representation of the dual pair SO(V 2,2 )×Sp(W 2,2 ). Let R = GSO 4 ×GSp 4 and R 0 = {(g, h) ∈ R : λ V (g)·λ W (h) = 1}.Let θ be the automorphic realization:
where X is the maximal isotropic space of W 2,2 and (g, h) ∈ R 0 .
For an irreducible cuspidal representation Σ ⊂ A cusp (PGSO 4 ). We may consider its global theta lift to PGSp 4 . More precisely, given Φ ∈ ω ψ and φ ∈ Σ, one defines the following map
where g 1 is an element in GSO 4 such that λ V (g 1 )λ W (h) = 1. The image of A Aut Σ is the global theta lift of Σ, which we denote by Π = Θ(Σ). We should note that Θ(Σ 1 ⊠ Σ 2 ) = Θ(Σ 2 ⊠ Σ 1 ), where Σ 1 and Σ 2 are the cuspidal representation of GL 2 . We denote Σ 12 = Σ 1 ⊠ Σ 2 and Σ 21 = Σ 2 ⊠ Σ 1 . If Σ is cuspidal and nonzero, then it follows by Howe duality conjecture that Π is an irreducible cuspidal representation.
Conversely, if Π ⊂ A(PGSp 4 ) is a cuspidal and nonzero representation of PGSp 4 , then we may consider the global theta lift of Π to PGSO 4 . More precisely, given Φ ∈ ω ψ and f ∈ Π, one defines the following map
where h 1 is an element in GSp 4 such that λ V (g)λ W (h 1 ) = 
Proof.
f (h i τ h)dτ dhdi = < q(Φ), β Aut Π (f ) > X(A) . Proof. Rallis inner product formula:
As a consequence: 
